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ABSTRACT

In this article, we established some fixed point results for expansive mappings on A-
metric spaces. Finally, the example is presented to support the new theorem proved.

Our results extend/generalize many pre-existing results in literature.
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1. Introduction

Fixed point theory has great importance in science and mathematics. Since this area has been
developed very fast over the past two decades due to huge applications in various fields such as
nonlinear analysis, topology and engineering problems, it has attracted considerable attention from
researchers. The study of expansive mappings is a very interesting research area in the fixed point
theory. Wang et al. [36] proved some fixed point theorems for expansion mappings, which
correspond to some contractive mappings in metric spaces. In 1992, Daffer and Kaneko [8] defined

an expanding condition for a pair of mappings and proved some common fixed point theorems for
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two mappings in complete metric spaces. In 1989, Bakhtin [4] introduced the concept of a b-metric
space as a generalization of metric spaces, in which many researchers treated the fixed point theory.
In 1993, Czerwik [6, 7] extended many results related to the b-metric spaces. In 1994, Matthews
[24] introduced the concept of partial metric space in which the self-distance of any point of space
may not be zero. The concept of a D-metric space introduced by the first author in [10]. Some
specific examples of a D-metric space are presented in Dhage [11]. The details of a D-metric space
and its topological properties appear in Dhage [12]. In [13], Dhage has proved some common fixed-
point theorems for coincidentally commuting single-valued mappings in D-metric spaces satisfying
a condition of generalized contraction. In [20], Jungck introduced more generalized commuting
mappings, called compatible mappings, which are more general than commuting and weakly
commuting mappings. Jungck and Rhoades [21, 22] defined the concepts of 6-compatible and
weakly compatible mappings which extend the concept of compatible mappings in the single-

valued setting to set-valued mappings.

Definition 1.1 ([32]). Let g and f be self-mappings of aset Y. A point ¢ € Y is called a coincidence
point of g and f iff g¢ = f¢. In this case, v = g¢ = f¢ is called a point of coincidence of g and f.

Definition 1.2 ([20])Two single-valued mappings f and g of a metric space (Y, d) into itself are

compatible if lim d(fgo,, gfo,) = 0 whenever {0, } is a sequence in Y such that lim fo, =
n—-oo n—-oo

lim go,, =t forsometinY.

n—>0oo

Definition 1.3 ([23]). Two self-mappings g and f of a metric space (Y, d) are said to be weakly
compatible iff there is a point ¢ € Y which is a coincidence point of g and f at which g and f

commute; that is, gf¢ = fgc.

Proposition 1.1 ([2])Let g and f be weakly compatible selfmaps of a nonempty set Y. If g and f
have a unique point of coincidence ¢ = go = fa, then ¢ is the unique common fixed point of g

and f.

Theorem 1.1 ([36]). Let (Y,d) be a complete metric space and f a self mapping on Y. If f is

surjective and satisfies

d(fo,f¢) = yd(o,¢) (1.1)

Volume 7, Issue 6, 2021 Page N0:96



Zeichen Journal ISSN No: 0932-4747

forall o,¢ € Y, with y > 1 then f has a unique fixed point in Y.

Sedghi et al. [31] introduced a new generalized metric space called an S-metric space. The S-metric
space is a space with three dimensions. Sedghi et al. [31] asserted that every G-metric is an S-
metric, see [31, Remarks 1.3 and 2.2]. The Example 2.1 and Example 2.2 of Dung et al. [15] shows
that this assertion is not correct. Moreover, the class of all S-metrics and the class of all G-metrics
are distinct. Souayah et al. [35] have introduced Sp-metric space and established some fixed point
theorems. Abbas et al. [1] introduced the notion of A-metric space, which generalization of the S-

metric space.

In this work, we introdue a fixed point theorem for expansive mapping as a new tools in A-metric

spaces. The obtained results generalize some facts in the literature.
2 Mathematical Preliminaries

In this part, some useful notions and facts will be given. In 2015, Abbas et al. [3] introduced the

notion of A-metric space.

Definition 2.1 (see [3]) Let Y be a nonempty set. A mapping A: Y™ — [0,40) is called an A-

metric on Y if and only if for all ;,a € Y,i = 1,2,3,..n: the following conditions hold:
(Al). A(0q,0,,03, ..., Op_1,0,) =0,
(A2). A(01,04,03, ., 0n_q,0,) = 0ifand only if 6, = 0, = -+ = 0,_1 = O,
(A3). A(ay, 05,03, ., Op_1,0,) < A(0y, 04,04, o, (01) =1, Q)
+A(0,, 05,05, o, (03) -1, @)
+A(03,03,03, ..., (03)p_q,a) + -+
+A(0n-1,0n-1,0n—1, o+, (On_1)no1, @)

+A(0-n' Ony Opy wee ey (O—n)n—li a)]

The pair (Y, A) is called an A-metric space.

The following is the intuitive geometric example for A-metric spaces.
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Example 2.2 (see [3]) Let Y = [1,4) . Define A: Y™ — [0,4+) by

n
A(0y,0,,03, .., 0p_1,0,) = ZZM — aj|

i=1 i<j
forallg; €Y,i=1,2,..n.
Example 2.3 (see [3]) Let Y = R . Define A: Y™ — [0,+x) by
A(04,04,03, ., Op_q,0,) = |Zl-2=n g, —(n— 1)01|
+HEnoi — (n = 2)ay| + -
+ZI5 01 = 3003
+| :L=_r$ 0; — 20n—2|
+lon — o1l
forallo; €Y,i=1,2,..n.
Lemma 2.4 (see [3]) Let (Y, A) be an A-metric space. Then for all g,¢ €Y,
A(0,0,0,0, ..., (0)n-1,6) = A(6,6,6,6 .., (n-1,0)
Lemma 2.5 (see [3]) Let (Y, A) be an A-metric space. Then for all ,¢,& €Y,
A(o,0,0,0,..,(0)h-1,¢§) < (n—1)A(0,0,0,0, ...,(0)n_1,¢)

+A (fr f, E! f' ) (f)n—li C)

and
A(o,0,0,0,..,(0)p-1,¢) < (n—1)A(0,0,0,0, ...,(0)n-1,S)

+A (C' YAYAYRY (g)n—ll 5)
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Lemma 2.6 (see [3]) Let (Y, A) be an A-metric space. Then (Y X Y, D,) is an A-metric space on
Y x Y, where D, is given by for all 0,6 €Y, i,j=12, .., n

DA((Ulf ¢1), (02,62), (03,63), .., (Op, Cn))
= A(0y,02,03, ..., 0,) + A(G1,62, 63, e+ Cn)-
Definition 2.7 (see [3]) Let (Y, A) be an A-metric space. Then
1. A sequence {0y} is called convergent to ¢ in (Y, A) if

lim A(oy, oy, 0k, 0%, .. (O )—1,0) = 0.

k—+oo

That is, for each € > 0, there exists ny € N such that for all k > n,, we have
A(oy, 0k, Ok, 0, - - (O ) p—1,0) < €
and we write kl_igloo Ox = 0.
2. A sequence {0} } is called Cauchy in (Y, A) if

lim A(oy, oy, 0k, 0k, .. (Ok)n-1,0m) = 0.
k,m—-+o0

That is, for each € > 0, there exists ny € N such that for all k, m = n,, we have
A(0y, Ok, Ok, O, - - (01 )n—1, ) < €.
3. (Y, A) is said to be complete if every Cauchy sequence in (Y, A) is a convergent.

Lemma 2.8 (see [3]) Let (Y, A) be an A-metric space. If the sequence {o} } in Y converges to o,

then ¢ is unique.
Lemma 2.9 (see [3]) Every convergent sequence in A-metric space (Y, A) is a Cauchy sequence.

Lemma 2.10 ([3]) Let (Y, A) be an A-metric space. Then for all g,¢ €Y,

A(o,0,0,..,0,¢) = A(¢,¢,¢, ....,¢,0)
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Lemma 2.11 ([3]) Let (Y, A) be an A-metric space. Then for all ,¢,& €Y,
A(o,0,0,..,0,6) < (n—1)A(0,0,0,...,0,¢) + A(§, &€, ...,&,¢)
and
A(o,0,0,..,0,§) < (n—1)A(0,0,0,...,0,¢) + A(¢, ¢, ¢, ..., 6, &)
Note also that the following implications hold.
G-metric space = D*-metric space = g-metric space = A-metric space

Definition 2.12 ([3]) The A-metric space (Y, A) is said to be bounded if there exists a constant

r > 0 such that A, (0, 0,0,...,0,¢) < r forall g,¢ € Y. Otherwise, Y is unbounded.

Definition 2.13 ([3]) Given a point g, in A-metric space (Y, A) and a positive real number r, the

set
B(oy, 1) = {c€Y:A(5¢,¢,...,60)) <T}
is called an open ball centered at o, with radius .

The set

B(oy,7) = {c€Y:A(5,¢6,6,...,600) <1}
is called a closed ball centered at o, with radius r.

Definition 2.14 ([3]) A subset G in A-metric space (Y, A) is said to be an open set if for each
0 € G there exists an r > 0 such that B(g,7) € G. A subset F C Y is called closed if Y \ F is

open.

Definition 2.15 ([3]) Let (Y, A) be an A-metric spacewith s > 1. Amap f:Y — Y is said to be

contraction if there exits a constant A € [0,1) such that

A(foy, fo,, fos, ..., fo,) < AA(0y, 04,03, ..., 0y)

for all 04, 05, 03, ..., 0, € Y. In case
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A(foy, foy, fos, ..., fo,) < A(oy, 03,03, ..., Op)

for all 0y, 03,03, ...,0, €Y,0; # oj forsome i # j,i,j € {1,2,...,n}, f is called contractive

mapping.
3. Main Results
First, we define following.

Definition 3.1 Let (¥, A) be an A-metric spacewith s > 1. Amap f:Y — Y is said to be

expansion mapping if there exits A > 1 such that

A(foy, foy, fos, ..., fo,) = AA(0y, 04,03, ..., 0y)

for all g,, 05,03, ...,0, €Y. In case

A(foy, foy fos, ..., fa,) > A(oq, 03,03, ..., On)
for all 0y, 0,03, ...,0, €Y,0; # gj forsome i # j,i,j € {1,2,...,n}, f is called expansive
mapping.

Now, we give some fixed-point results for expansive mappings in a complete A-metric space.Our

first main result as follows.

Theorem 3.1 Let (Y, A) be a complete A-metric space. Suppose the mappings g, f: Y — Y satisfy

the condition

A (fa,fo-, ...,fa,fg) > oA (ga,ga, ...,ga,gq) + BA <fa,fa, ...,fa,gcr)

(n—1) times (n-1) times (n—1) times
+vA <fc,fc,...,fc,gc> (3.1
(n-1) times

for all o,¢ €Y, where «, 8,y are nonnegative real numbers with @ + f§ +y > 1. Assume the
following hypotheses: (i) § < 1and a # 0, (ii)) g(Y) € f(Y), (iii) f (V) or g(Y) is complete. Then

f and g have a point of coincidence in Y. Moreover, if & > 1, then the point of coincidence is
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unique. If f and g are weakly compatible and a > 1, then f and g have a unique common fixed

pointin Y.

Proof. Let uy € Y and choose u; € Y such that gu, = fu,. This is possible since g(Y) € f(Y).
Continuing this process, we can construct a sequence {uy }xey in X such that fu, = gu,_; for all

k>1.

By (3.1), we have

A (guk—ltguk—lv ey JUR—1 'guk> =A <fuk'fukr ---»fuk:fuk+1>

(n—1) times (n—1) times

= oA | gug, Gug, --wguk:guk+1>

(n—1) times

+BA <fukffukr "-:fuk'guk>

(n-1) times

+vA (fuk+1‘fuk+1: T :guk+1>

(n-1) times

= A (guk—l; gUg—1, -, GUE—1 'guk) = ad (guk' Jug, ..., guy 'guk+1>

(n—1) times (n—1) times

+BA <guk—1;guk—1: ey GUR—1 :guk>

(n—1) times

+vA (guk‘ Ui, -, Uk, guk+1>

(n-1) times

The last inequality gives

A (gukrguk: vy guk:guk+1> <M (guk—lrguk—p v UK ;.guk)

(n—1) times (n—1) times

where A = i;_ﬁ . Tt is easy to see that A € [0, 1). By induction, we get that
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A (guk,guk, ...,guk,guk+1> < AkA (guo,guo, v, JUo , gUyq

(n—1) times (n—1) times

forall k > 0.

For m, k € N with m > k, we have by repeated use of (Ab3)

A <gukrguk: o JUg 'gum> <(mn-1)A (guk»guk: ---rguk'guk+1>

(n—1) times (n—1) times

+A (gum, JUm, ---,gum,gukﬂ)

(n—1) times

= (Tl - 1)A (guk' GUg) ) GUg 'guk+1>

(n—-1) times

+A (guk+1r9uk+1; o JUR 41 ,gum>

(n—1) times

<(n—-1DA (guk,guk, vy JUE ,guk+1>

(n—1) times

+(Tl - 1)A (guk+1l JUg+1s ) GUE 41 ;guk+2>

(n—1) times

+A (guml JUm ., GUm lguk+2)

(n—1) times

<(n-1A (guk'guk: ---'guktguk+1>

(n-1) times

+(n—1DA <guk+1:guk+1: e UKL :guk+2>

(n—1) times
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+A (guk+z,guk+z, ey YUk 42 ,gum>

(n—1) times

<(n-1DA <guk,guk, ey JUE ,guk+1)

(n—1) times

+(Tl - 1)‘4 (guk+1' GUp+1) ) GUk+1 'guk+2>

(n—1) times

+(Tl - 1)A (guk+2' GUk+2, - GUk 2 ;guk+3)

(n—1) times

+A (gum' JUm, -, GUm :guk+3)

(n—1) times

<(n-1A (gukfguk: A ’guk+1>

(n—1) times

+(n — DA guks1, GUk+1) ) GUp+1 :guk+2)

(n—1) times

(n—1) times

ISSN No: 0932-4747

+(n — DA| gugss, GUi+3 - r GUg+3 :guk+4> + -

(n—1) times

+(Tl - 1)A (guk+2' JUg42) ) GUE 42 Iguk+3)

+(n - 1)A 9 Um—2, JUm—2, -, GUm—2 'gum—1>

(n—-1) times

+A (gum—lr JUm-1, -, GUm—1 'gum>

(n—1) times
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< (n—D[AF 4+ 28 o4 2 4 14 (guo,guo, e Gl ,gu1>

(n—1) times

=(n—DA[1+ A+ 2%+ F A7k=2 4 gm-k=1]4 (guo,guo, ey GUg .gu1>

(n—1) times

<(n-DA1+21+22+-]4 (guo,guo, ) GUo ,gu1>

(n—1) times

2k
<(h-1-54 (guo,guo, e, GUo ,gul) (3.3)

(n—1) times

Since 4 < 1,4 € [0,1) . By taking limit as k, m — +oo in above inequality, we get

lim A <guk,guk, ...,guk,gum> =0.
km-+oo

(n-1) times
for all m > k. Therefore, {gu;} is a Cauchy sequence in g(Y). So {gu,} is a Cauchy sequence
in g(Y). Suppose that g(Y) is a complete subspace of Y. Then there exists v € g(Y) € f(Y) such
that fu, = gui_, = v. In case, f(Y) is complete, this holds also with v € f(Y). Let £ €Y be
such that f¢ = v. By (3.1), we have

A (.guk—1;guk—1: "'lguk—llff) =4 (fuklfuk' "'rfuk 'f€>

(n—1) times (n—1) times

> oA (guk,guk. o Uy ﬂf)

(n—1) times

+BA (fukifukl ---:fuk rguk)

(n—1) times

+vA <ff»ff;---,ff,gf>

(n—1) times
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Taking k — oo in the above inequlity, we get

This imples that A ( v,

v, ..,v,9¢

(n-1) times

0> (a+y)A<v,v,...,v ,gf>

(n—1) times

Therefore, v is a point of coincidence of g and f.

ISSN No: 0932-4747

)=O,sincea+y> 0. Thus g¢ = v and then f¢ = g& = v.

Now we suppose that &« > 1. Let ¢ be another point of coincidence of g and f. So fo = go =¢

for some o € Y. From (3.1), we have

A (v, U, e, VU,
| SSEERSESnt—
(n—1) times

which implies that

Since @ > 1, we have A (v,

point of coincidence in Y.

Volume 7, Issue 6, 2021

) = A(fs‘?fff ---:ff»fﬂ)
(n—1) times

> aA(gs‘,gs‘, ---.gs‘,ga>

(n—1) times

+BA(ff,ff;---,f€,g€>

(n-1) times

+YvA (fa fo,.. fo, ga)

(n—-1) times

((n— 1) times )

(ax—1A (v,v, ...,v,g) <0
(n—1) times

v, ..,v,g) = 0 and hence v = ¢. Therefore, g and f have a unique

(n—1) times
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If g and f are weakly compatible, then by Proposition 1.1, g and f have a unique common fixed

pointin Y.

Corollary 2.1 Let (¥, A) be a complete A-metric space. Suppose the mappings g, f: Y — Y satisfy

the condition
A(fa,fa,...,fo’,fc) > aA(ga,ga,...,ga,gg) (3.4)
(n—-1) times (n-1) times

forall o,¢ € Y, where @ > 1 is a constant. If g(Y) € f(Y) and f(Y) or g(Y) is complete, then f
and g have a unique point of coincidence in Y. Moreover, if f and g are weakly compatible, then

f and g have a unique common fixed pointin Y.
Proof. 1t follows by taking § = y = 0 in Theorem 3.1.
The following Corollary is the b-metric version of Banach’s contraction principle.

Corollary 3.2 Let (Y, A) be a complete A-metric space. Suppose the mappings g: Y — Y satisfies

the contractive condition

A(ga,ga,...,ga,gg) < AA(U, U,...,J,g) (3.5

(n—1) times (n—1) times

forall o,¢ € Y, where A € (0,1) is a constant. Then g has a unique fixed point in Y. Furthermore,

the iterative sequence {g" o} converges to the fixed point.
Proof. 1t follows by taking § = y = 0 and f = I, the identity mapping on Y, in Theorem 3.1.

Corollary 3.3 Let (Y, A) be a complete A-metric space.Suppose the mapping f: Y — Y is onto and

satisfies

A(fa,fa,...,fa,fg) > aA(cr,cr,...,a,g) (3.6)

(n—1) times (n—1) times
for all o,¢ € Y, where @ > 1 is a constant. Then f has a unique fixed pointin Y.

Proof. Taking g =1 and B = y = 0 in Theorem 3.1, we obtain the desired result.
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Corollary 3.4 Let (Y, A) be a complete A-metric space. Suppose the mapping f:Y — Y is onto

and satisfies the condition

A (fa,fa, ...,fa,fg) > oA (0,0, e, O ,g) + BA (fa,fa, ...,fa,a)

(n—1) times (n—1) times (n—1) times

+YvA <fc,fc, ---;fsnc) (3.7)

(n—1) times

for all g,¢ €Y, where a, 8, y are nonnegative real numbers with f <1, a #0a+f+y > 1.
Then f has a fixed point in Y. Moreover, if @« > 1, then the fixed point of f is unique.

Proof- 1t follows by taking g = I in Theorem 3.1.

We conclude with an example.
Example 3.1 Let Y = [0,1] . Define A: Y™ — [0,+0) by
n
2
A(O-lﬁ 02,03« v, Op—1, O-n) = Z Zlai - O-jl
i=1i<j
forall o; €Y,i = 1,2, ...n. Therefore, (Y, A) is an A-metric space with s = 2 > 1.

Letus define g, f:Y = Y as

2

u u u
fu=-andgu =-——
3 9 27

for all u € Y. Then, for every g,¢ € Y, the condition (3.1) holds fora = 9, =y = 0. Thus, we

have all the conditions of Theorem 3.1 and 0 € Y is the unique common fixed point of f and g.
Conclusion

Wang et al. [36], proved some fixed point theorems for expansive mappings, which correspond to
some contractive mappings in metric spaces. In the present article, we introduce a new approach

to expansive mappings in fixed point theory by combining the ideas of Wang and establish a fixed
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point theorem for expansive mappings as a new tool in A-metric spaces. The obtained results

generalize some facts in the literature.
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