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ABSTRACT

In this paper, we prove some fixed point theorems under different expansive
type conditionsin the setting of a A-metric space. Our results generalize and extend
various results in the existing literature.

Keywords: A-metric space, expansive mapping, fixed point.
1. INTRODUCTION

The study of expansive mappings is very interesting research area of fixed point
theory. In 1984, Wang et al.?® introduced the concept of expanding mappings and proved some
fixed point theorems in complete metric spaces. In 1992, Daffer and Kaneko’ defined an
expanding condition for a pair of mappings and proved some common fixed point theorems
for two mappings in complete metric spaces. In 1989, Bakhtin? introduced the concept of a b-
metric space as a generalization of metric spaces, in which many researchers treated the fixed
point theory. In 1993, Czerwik*® extended many results related to the b-metric spaces. In 1994,
Matthews* introduced the concept of partial metric space in which the self-distance of any
point of space may not be zero. Gahler!! claimed that 2-metric space is a generalization of an
ordinary metric space. He mentioned in! that d (x, y, z) geometrically represents the area of a
triangle formed by the points x,y,z € Xas its vertices. On the other hand, Ha et al.'? and
Sharma® found some mathematical flaws in these claims. It was demonstrated in?® that
d(x,y,z) does not always represent the area of a triangle formed by the points x,y,z € X.
Dhage?® suggested an improvement in the basic structure of 2-metric space. In 1984, Dhage in
his Ph.D. thesis® identified condition second as a weakness in Gihler’s theory of a 2-metric
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space. To overcome these problems, he then introduced the concept of a D-metric space.
Dhage® then studied topological properties of D-metric space in a series of papers. Naidu et al.*8
proved that the concepts of convergent sequences and sequential continuity are not well
defined in D-metric spaces. Naidu et al.'® pointed out some drawbacks in the idea of open balls
in D-metric space. In 2003, Mustafa and Sims!’ identified condition third as a weakness in
Dhage’s theory of D-metric space. The tetrahedral inequality in D-metric has been replaced
with the prototypical rectangular inequality adopted by Mustafa and Sims!® in 2006 and
introduced the notion of G-metric space and suggested an important generalization of metric
space. Sedghi et al.?% have introduced D*-metric spaces which is a probable modification of
the definition of D-metric spaces introduced by Dhage® and proved some basic properties in
D*-metric spaces, (see??). Every G-metric space is a D*-metric space. The converse, however,
is false in general; a D*-metric space is not necessarily a G-metric space. Sedghi et al.?*
identified condition third of the G-metric space as a peculiar limitation but classified the
symmetry condition as a common weakness of both G- and D*-metric spaces. To overcome
these difficulties, Sedghi et al.?! introduced a new generalized metricspace called an S-metric
space. The S-metric space is a space with three dimensions. Sedghi et al.?* asserted that every
G-metric is an S-metric, see?!, Remarks 1.3 and %, Remarks 2.2. The Example 2.1 and
Example 2.2 of Dung et al.’® shows that this assertion is not correct. Moreover, the class of all
S-metrics and the class of all G-metrics are distinct. Souayah et al.?® have introduced Sy-metric
space and established some fixed point theorems. Very recently, Abbas et al.'® introduced the
notion of A-metric space, which generalization of the S-metric space.

In this paper, we prove some fixed point theorems under expansive type conditions in
the setting of a A-metric space. Our results generalize and extend various results in the existing
literature.

2. PRELIMINARIES

In 2015, Abbas et al.*® introduced the notion ofA-metric space.

Definition 2.1(see'®)Let Xbe a nonempty set. A mapping A: X™ — [0,+0) is called an A-
metric on X if and only if for all x;,a € X,i = 1,2,3,..n: the following conditions hold:
(ALl). A(xq,x2,X3, e, Xn_1,%n) =0,

(A2). A(xq,x5,%3, ., Xp_1,Xy) = 0ifandonly if x; = x, = - = x,,_1 = xp,
(A3).  A(xy,x5,X3, ey Xp—1,Xn) < A(xq, X1, X1, ey (X)) =1, @)

+A(X2, X9, %5, cuney (K31, @)

+A(x3,%3,%3, oo, (X3)p_1, @) + -+

+A(xn—1' Xn—1Xn—1s - +» (xn—l)n—l' a)

+A(xy, Xn, Xy vee s (X1, @]

The pair (X, A) is called an A-metric space.

The following is the intuitive geometric example for A-metric spaces.

Example 2.2(see®)Let X = [1,+) . Define A: X™ — [0,+) by
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n
A(xy, X2, X3, sy X1, X)) = Z Z |xi - le
i=14—i<j

forall x; € X,i = 1,2,...n.
Example2.3 (see®®)Let = R . Define A: X™ — [0,+) by

2
A(Xq, X0, X3, wn ey Xp—1, Xp) = |Z x;—(n— 1)x1|
=n

3

+ Z xi—(n—2)x,
i=n
n—3

+ Z xX; — 3xn_3|
i=n
n-2

+ Z X; — 2Xp_o
i=n

+xy — xp-1|
forallx; € X,i =1,2,..n.

+ .-

Lemma 2.4 (see™) Let (X, A) be an A-metric space. Then for all x,y € X,
Ap(,%,%,%, o, (Dn-1,Y) = A1, Y, %, Y oo, Wn-1,%)

Lemma 2.5 (see’®) Let (X, A) be an A-metric space. Then forall x,y,z € X,
Ap(,x,%,%, 0, (p—1,2) < (M — DA%, %, %, oo, () =1, V)

+Ab(ZI ZI ZI ZI ey (Z)‘I‘L—ll }’)
and

Ap(,x,%,%, 0, (p—1,2) < (M — DA, %, %, %, oo, () =1, Y)

+A4y (3, Y, 9.9, s W)n-1,2)

Lemma 2.6(see™)Let (X, A) be an A-metric space. Then (X x X, D,;) is an A-metric space on

X x X, where D, is given by forall x;, y; € X,i,j = 1,2, ..., n:

DA((xlf yl)' (XZJ yz); (X3, }/3); H] (xn' yn))

= A(x1, X5, X3, 0o, X)) F AV1, V2, V3) vee e Vi)

Definition 2.7(see™®)Let (X, A) be an A-metric space. Then

1. Asequence {x;} is called convergent to x in (X, A) if

Jim Ay, Xpe) Xy Xpes - - (X =1, %) = 0.

That is, for each € > 0, there exists n, € N such that for all k = n,, we have
AQxy, Xy Xpe, Xy - (g dn-1,%) S €

and we write klir-P X = X.

2. Asequence {x;} is called Cauchy in (X, A) if

lim  AQx, g, Xk, Xpeo -« (X ) p—1, Xm) = 0.
k,m—+o

That is, for each € > 0, there exists n, € N such that for all kK, m > n,, we have
Ay, Xty X1 Xier - (X )1, Xm) < €.
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3. (X, A)issaid to be complete if every Cauchy sequence in (X, A) is a convergent.

Lemma 2.8(see'®) Let (X, A) be an A-metric space. If the sequence {x, }in Xconverges to x,
then xis unique.

Lemma 2.9(see'®)Every convergent sequence in A-metric space (X,A4,s) is a Cauchy
sequence.

Definition 2.10Let (X, A,)be an A,-metric spacewith s > 1. A map f: X — X is said to be
expansive mapping if there exits A > 1 such that

Ap(fxt, fx2, fx3, .., fx™) = A4, (x1, x2%,x3, ..., x™)
for all x1,x2,x3,...,x" € X.

3.1 MAIN RESULT
We begin with a simple but a useful lemma.

Lemma 3.1 Let (X, A) be an A-metric space and {x; }be a sequence in (X, A) such that
Axp, Xpe, Xpey -+ (X )1, X4 1) < AAXg—1, Xp—1, X—1, - (Xk—1)n—1, Xx) (3.1)
where 2 € [0,1)and k = 1,2,.... Then {x; }is a Cauchy sequence in (X, A).

Proof For k = 1,2,.., we get by induction
A, X Xpey - (K dn—1, Xg1) < A1, Xp—1, X1, - - (X—1)n—1, Xx)
< A2 A(xk-2 Xk-2, Xk-2, - (Kpe—2)n—1, Xk-1)

< A*A(xo, X0, X0, X0, - - (X0)n—-1,%1) (3.2)

Let m > k. It follows that

A(ka Xir Xy« - (xk)n—lJ xm)

< [(n — DACe, i, X, - - (-1, Xper1)

+A(xm' X X Xmo «ees (xm)n—l' xk+1)]

< (n — DACGGk, Xp, Xier - - () n—1, Xk 41)
FAX k41> Xk 1 Xkt 1 0 K1 )n—15 Xm)

< (n— DAQq, X, Xg - () n—1, X 41)

+[(n — DA k41, Xkt 1) Xkt 1 - K1 )n—1, Xket2)
+A(xm' X Xy Xy ey (xm)n—l: xk+2)]

< (n— DAQq, X, Xir - () n—1, X 41)

+(Tl - 1)A(xk+1' Xk+1r Xi+1r s (xk+1)n—1' xk+2)
FAX k42> Xkt 20 Xkt 20 00 Kpes2)n—1, Xm) |

< (n — DAk, X, Xpes - (X ) n—1, Xk41)

+(n - 1)A(xk+1' Xi+1 Xi+1r s (xk+1)n—1l xk+2)
+[(n = DAGk+1, Xt 15 Xkt 1 -0 Kkt 1)m—1, Xkc43)
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+A(xm' Xmo Xmo Xmy -y (xm)n—l' xk+3)]

< (n — DACGG, Xi, Xier - - (k) n—1 X 41)

+(n — DA ks1, X4 1 Xier 10 0 Kkt 1)n—1, Xk42)
+(n — DA41) Xkt 1) Xkt 10 00 Kier1)n—1, Xi43)
+(n — DACk41) X1 X 10 00 Kieg 1 I n—1 Xia) + o
+(n - 1)A(xm—2'xm—2vxm—2: REN] (xm—z)n—l:xm—l)
+A(xm—ll Xm—-1)Xm—17 ) (xm—l)n—lv xm)

< (n—1)[AF 4 AFFL § QRF2 4 QRS 4 2
X A(xg, X, X0, Xo, - - (X0)n—1,%1)

+AM X A(xg, X, X0, X, - - (X0) -1, %1)
=m—DAF[1+2+ 22423 + -+ A k2]

X A(xg, o, X0, Xo, - - (X0)n-1,%1)

+ATHTL X A(xo, X0, Xg, X0, - - (Xo)n—1,X1)
Sm—DA[1+214+ 2+ 23 +-]

X A(xq, X0, Xg, Xo, - - (X0)n—1,%1)

ﬂ.k
< (Tl - 1) EA(X(),XO, X0, X0) -+ (xO)n—lixl) (3)
Since A < 1. Assume that A(x, xq, Xg, Xo, - - (Xg)n—1,%1) > 0. By taking limitas k, m — +oo
in above inequality we get

" lim A(xk,xk,xk,-- (xk)n—l:xm) =0.
,Mm—+00

Therefore, {x;} is a Cauchy sequence in X. Also, if A(x,, xo, Xo, Xg, .- (X¢)n-1,%x1) = 0, then
A(xp, X, Xgeo o« (X3 ) p—1, Xm) = 0 forall m > k and hence {x;} is a Cauchy sequence in X.
Now, our first main results as follows.

Theorem 3.2Let (X, A) be a complete A-metric space. Assume that the mapping T: X — X is
surjection and satisfies

A(TxY, Tx? Tx3,....Tx™" 1, Tx™) > 2A(x*, x?,x3, ....x™""1 x™) (3.3)
vxl,x?,x3,....x™"1, x™ € X,whereA > 1. Then T has a fixed point.

Proof Let x, € X, since T is surjection on X, then there exists x; € X such thatx, = Tx;. By
continuing this process, we get

Xk = Txk+1, VkeNU {0} (34)
If A(Xm—1, Xm—1)Xm—1, r»Xm—1,Xm) = 0 for somem, then x,,_;=x, and x, €
T~ (x,—q) implies Tx,, = x,,_; = X, and so x,, is a fixed point of T. Without loss of
generality, we can suppose thatA(xy_1, Xk—1, Xk—1, - -» Xxk—1Xn) > 0, that is, x;, # x;_, for
every k. From (3.3), we have

A(xk_l, Xik—1)Xg—1/-- .,xk) = A(Txk, Txk, Txk, ey Txk+1)
= AA(Xk,xk,xk, ....,xk+1)
and so
1
A(xk,xk,xk, .,xk+1) < zA(xk_l, Xi—1) Xg=1) o+ .,xk)
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= hA(X) -1, Xg—1, Xj—1, > X) (3.5)
forall k € N, where h = % < 1. By Lemma 3.1,{x;} is a Cauchy sequence in X. Since X is a

complete A-metric space, there exists x* € X such that x,, - x* ask —» +oo. Now since T is
surjective map. So there exists a point p in X such that x* = Tp. From (3.3), we have

Ay, Xgey Xgy voe ey X3, X°) = A(T X441, TXpo 1, TX R 1y ooy TXgy1, TP)

2> A (X +1) X4 1 Xkt 10 -0 P)

Taking limit as k — +oo in the above inequality, we get

0= kEerA(xk,xk,xk, ey Xy X) erlli_r)goA(ka,ka,xkﬂ, ey Xt b D)

which implies that

nl_i>r_|1_’looA(xk+1'xk+11xk+1r e Xt 1o p) =0. (36)

Thus x,,1 = p ask - +oo. By Lemma 2.8, we get x* = p. Hence x*is a fixed point of T.
Finally, assume x* = y* is also another fixed point of T. From (3.3), we get

A, x*, x,x, e, (X )1, ) = A(Tx™, Tx™*, Tx™*, Tx*, .., (TX ) pp—1, V")

> A, x*, x5, x%, e, (X)) e, V)

This is true only when A(x*, x*,x*, x*, ..., (**)p_1,¥*) = 0.50 x* = y*. Hence T has a
unique fixed point in X.

Corollary 3.3 Let (X, A) be a complete A-metric space and T: X — X be a surjection. Suppose
that there exist a positive integer k and a real number A > 1 such that

A(TEED), TH@P), ., TR, TR (M) 2 AAG, 62, . XL, ) (3.7)
v xl,x2,x3,....x™" 1, x™ € X. Then T has a fixed point.

Proof From Theorem 3.2, T* has a fixed point x*. But T*(Tx*) = T(T*x*) = Tx*, So Tx*
is also a fixed point of T¥. Hence Tx* = x*,x* is a fixed point of T. Since the fixed point of
T is also fixed point of T* , the fixed point of T is unique.

Theorem 3.4 Let (X, A) be a complete A-metric space and T: X — X be a surjection such that
A(TxY, Tx?,Tx3,.... Tx" 1, Tx"™) > 1, A(xt, x2,x53, ... x""1, x™)

F,AC b xt, () e, TXY) + -

F A A, x™ X e, () peq, TX™) (3.8)
v xl,x2,x3, ... x" 1, x™ € X, where Y1 4, > 1,4; > 0. Then T has a fixed point.

Proof Let x, € X, since T is surjection on X, then there exists x; € X such thatx, = Tx;. By
continuing this process, we get

X = Txk+1, VvkeNU {O} (39)
If A(m—1, Xm—1,Xm—1, =» Xm-1,Xm) = 0 for somem, then x,,_;=x, and x, €
T~ (x,—q) implies Tx,, = x,,_1 = X, and so x,, is a fixed point of T. Without loss of
generality, we can suppose that A(Xy_1, Xx—1, Xk—1, - » X—1X5) > 0, that is, x, # x;_, for
every k. From (3.8), we have

AQ—1, Xpe—1, Xpe—15 -+ (k1)1 %) = AT X, T, TXpey wvv o, (Txp )1, TXpe 1)

= LAk Xy Xpey oo r (g1, Xie41)
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F A, AKXy, Xpy Xy o0 (X )—1, TXR)
+A3A(xk,xk,xk, e Xy (xk)n_l,Txk) + o

F 4 1AX e+ 1) Xper 1) Xper 1 -+ o0 e 1)n-1,) TXk41)
= LA, Xy Xpes v (K1) Xpe41)

FA2 A, Xpe, Xy e, (i1, Xp—1)
+A3A(xk,xk,xk, ey (xk)n_l,xk_l) T

F 41 AX e+ 1) Xpe+ 1) Xpe 1 -0 (Xt 1)n—1, Xic)

= LA, Xy Xpes e (1) Xie41)

FA2 A —1, Xp—1) X1y e+ » (=1 )1, Xic)
+A3A(xk_1, Xig—1)Xg—1r v= =) (xk_l)n_l,xk) +
FAne1 ACa, X, Xpey e oy (i n—1) Xie 1)

Hence, we have

n

<1 - Z )li)A(xk—lj Xje—1) Xpe—1s o+ (Xpe—1)m—1, X1c)

i=2
= (A + Ay 1) AR, Xpe, Xy vy (g dn—1, Xy 1)

If A, + 2441 = 0, then X7, A; > 0. The above inequality implies that a negative number is

greater then or equal to zero. This is impossible. So, A; + 4,,,; # 0and (1 — Y, 4;) > 0.

Therefore,

AQxy, X, X, oo " (X dn—1 Xe41) S A1, Xpem1) Xje— 15 e ) Xi) (3.10)
where 1 = % < 1forallk € N U{0}. Repeating (3.10) k-times, we get

1 n+1
A(xk,xk,xk, . (xk)n_l, xk+1) < AkA(xO, X0, XQy oo - ,Xl) (311)

By Lemma 3.1,{x,} is a Cauchy sequence in X. Since X is a complete A-metric space, there
exists x* € X such that x,, = x* as k = +oo. Now since T is surjective map. So there exists a
point p in X such that x* = Tp. From (3.8), we have

A, Xpy Xgey ey X1y X°) = A(TX 31, TX o1, TXk 41y oo TXpe11, TD)

= M A4 1) X4 1 Xy 10 5 P)

FA2AX e+ 1, Xper 1 - Cper1)In—1, TXpe1) + 00

+0+14(@, 2, D, o, (PIn-1,TD)

Taking limit as k — +oo in the above inequality, we get

0= kl_i)fpoo A Xy Xy woe s Xjy X7) 24 Tlll_r){}o A(Xp41, X+ 1) Xt 1 -+ +» X1, P)

n
+ Z A 1111_{120 ACs1 Xpep1s - (ke ) n—1, TXr41)
i=2

1=
1A 0D, s (PIn-1,TP)
=4 rg{}o A(Xpe 41, Xt 1) Xpe 1r 0 Xigr 1, D)

n
+Z/1i lim A(Xpq1, Xis1) - K1) n-1, TXk41)
n—-oo
i=2
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1A, 0,0 s (PIn-1,TP)
which implies that
0= LA™ x5, x%, ..., x*,0) + 1ni 1A, 0, D) oo, (D)1, X5).
By using Lemma 2.4, we have
0= (A + e DA, x5, X%, ., x*, D)
Hence p = x*.This gives thatx™ is a fixed point of T. This completes the proof.
Finally, assume x* = y* is also another fixed point of T. From (3.8), we get
A, x*, x,x, e, (X ), v) = A(Tx™, Tx™*, Tx*, Tx™, ..., (Tx*)p—1, Ty™)
> LA x5, x, e, () e, V)

n

+ Z A A, X, x5, x, e, (X ) g, TX™)
i=2

+/1n+1A(y*' y*' y*; ey (y*)n—l' Ty*)

= LA x*, x5, x, e, () =1, V)

This is true only when A(x™, x*,x*,x*, ..., (x*)pn_1,¥™) = 0. So x* = y*. Hence T has a
unique fixed point in X.
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