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ABSTRACT

The goal of this paper is to define rational contraction in the context of S-metric
spaces and develop various fixed-point theorems in order to elaborate, generalize,
and synthesize a number of previously published results. Finally, to illustrate the new

theorem, an example is given.
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1. Introduction

Fixed point theory is crucial in science and mathematics. This topic has drawn a lot of interest
from academics in the last two decades due to its wide range of applications in disciplines such as
nonlinear analysis, topology, and engineering difficulties. The Banach contraction principle [2] is
the starting point for most generalizations of metric fixed point theorems. It's difficult to
enumerate all of this principle's generalizations. The Banach fixed-point theorem [2] ensures the
existence and uniqueness of fixed points of particular self-maps of metric spaces, as well as a
constructive approach for discovering them. The S-metric space was introduced by Sedghi et al.
[9]. It's a three-dimensional space called the S-metric space. The concept of A-metric space was
established by Abbas et al. [1], which is a generalization of S-metric space. Jaggi [7], Das and
Gupta [3] discovered the fixed-point theorem for rational contractive type conditions in metric
space. The goal of this paper is to define rational contraction in the setting of S-metric spaces, as
well as to create various fixed-point theorems to elaborate, generalize, and synthesize several

previously published results. Finally, an example is given to demonstrate the new theorem.
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2. Preliminaries

Some valuable information and ideas will be presented in this section. Metric spaces are very
important in mathematics and applied sciences. So, some authors have tried to give
generalizations of metric spaces in several ways. Sedghi et al. [8, 10] introduced the notion of a

D*-metric space as follows.

Definition 2.1 (see [8, 10]) Let D be a non-empty set. A D*-metric on D is a function D*: D3 -
[0, +0) that satisfies the following conditions, for each &,7n, u,a € D;

(D*1). D*(&,m, 1) = 0,

(D*2). D*(&¢,n,u) = Oifand only if ¢ =n = pu.

(D*3). D*(&,n,u) = D*{¢,n, u} (Symmetry in all three variables),
(D*4). D*(§,n,u) < D*(§,n,a) + D*(a, 1, ).

Then D* is called a D*-metric on D and (D, D*) is called a D*-metric space.

Definition 2.2 (see [9]) Let D be a nonempty set. A mapping S: D3 — [0,4+o0) is called an S-

metric on D if and only if for all &,7n, u, a € D, the following conditions hold:

(S1). S mu) =0,
(S2). S, n,u)=0ifandonlyifé =n =y,
(83). SEnuw <5¢,¢a)+Smna)+ S, 1, a)

The pair (D, S) is called an S-metric space.
The following is the intuitive geometric example for S-metric spaces.
Example 2.3 (see [9]) Let D = R? and d be the ordinary metric on D. Put

SEnuw = d¢&n +dEuw +dmn,w

forall &,n,u € D, that is, S is the perimeter of the triangle given by &, 1, u. Then S is an S-metric
onD.
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Example 2.4 Let D = [1,+) . Define S: D3 - [0,+) by
S, m2,13) = iy Ticjlni — 1
foralln;, € X,i = 1,2,3.
Lemma 2.5 (see [9]) Let (D, S) be an S-metric space. Then forall £,n € D,
SE.6m) =Smmn,&).
Lemma 2.6 Let (D, S) be an S-metric space. Then forall &,n,u € D,
SE, ¢ m <25@,§,m) +Sm,n, 1) and

S & w) <25, &Em) +Swu,m).

Definition 2.7 (see [9]) Let © be an S-metric space.

(). A sequence {n,,} converges to n if and only if lim S(n,,,n,,n) = 0. That is for each € >
n—-oo

0 there exists n, € N such that for all n = ngy, S(n,,, 1., 1) < € and we denote this by

limn, =n.

n—-o0

(ii). A sequence {n,} is called a Cauchy if lim S(1,,Nn, 1m) = 0. Thatis, for each € > 0
n,m—owo

there exists ny, € N such that for all n,m = ny, Sy, N, M) < €.
(iii).? is called complete if every Cauchy sequence in D is a convergent.
From (see [9]), we have the following.
Example 2.8

(@). Let R be the real line. Then

SEmu) =& —ul+n—ul
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forall &,n,u € R, is an S-metric on R. This S-metric is called the usual S-metric on R.

Furthermore, the usual S-metric space R is complete.
(b).Let © be a non-empty set of R. Then

SEmw =& —ul+In—ul

forall &,n, u € D, is an S-metric on D. If D is a closed subset of the usual metric space R,

then the S-metric space D is complete.

Lemma 2.9 (see [9]) Let (D, S) be an S-metric space. If the sequence {n,,} in D converges to 7,

then 7 is unique.
Lemma 2.10 (see [9]) Let (D, S) be an S-metric space. If
lim n, =nand lim u, = u.
n—+oo

n—+oo

Then
nl—iﬁloo S(Tln: Mns :un) = S(T], m 'u)'

Remark 2.11 It is easy to see that every D*-metric is S-metric, but in general the converse is not

true, see the following example.
Example 2.12 Let ® = R™ and || . || a norm on D, then
SEnmmw = ln+p—28| + |In— ull
IS S-metric on D, but it is not D*-metric because it is not symmetric.
The following lemma shows that every metric space is an S-metric space.
Lemma 2.13 Let (D, d) be a metric space. Then we have
(1).Sa&En, ) =dEw) +dm, ) forall &n, p € D is an S-metric on D.

(2). liTI_l & =&in (X, d) if and only if liTIl & =81 (D, Sy).
n—-+oo n-—-+wo
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(3). {€ =1 is Cauchy in (D, d) if and only if {§,}5,—, is Cauchy in (D, S,).
(4).(D,d) is complete if and only if (D, S,;) is complete.
Example 2.14 Let © = R and let
SEMW =n+p—28+n—pl

forall &, n € D. By ([9]), (D,S) is an S-metric space. Dung et al. [4] proved that there does

not exist any metric d such that
SEmuw) =dw) +d@n,pw

for all & n,u € D. Indeed, suppose to the contrary that there exists a metric d with
SEmuw) =dw) +d@n,pm

forall & n,u € D. Then

d(Gm =78 Ew) = 2|E— gl and

1
d(é&n) = 55(5,71,77) =2|E—1|

forall & n,u € D. Itis a contradiction.

In 2012, Sedghi et al. [9] asserted that an S-metric is a generalization of a G-metric, that is, every
G-metric is an S-metric, see [9, Remarks 1.3] and [9, Remarks 2.2]. The Example 2.1 and
Example 2.2 of Dung et al. [4] shows that this assertion is not correct. Moreover, the class of all

S-metrics and the class of all G-metrics are distinct.

Definition 2.15 (see [11]) Let (D, <) be a partially ordered set and let I': © — D be a mapping.
Then

1. elements n,u € D are comparable, if n < u or u < n holds;
2. anonempty set D is called well ordered set, if every two elements of it are comparable;

VOLUME 15, ISSUE 12, 2021 722 http://xadzkjdx.cn/



Journal of Xidian University https://doi.org/10.37896/jxu15.12/073 ISSN N0:1001-2400

3. T is said to be monotone non-decreasing w.r.t. <, if forall n,u € D, n < u implies I'n <

Ty,
4. T is said to be monotone non-increasing w.r.t. <, if forall n,u € ©, n < pw implies I'n >

Tu.
3. Main Results

First, we introduce following definitions.

Definition 3.1 The triple (D, S, <) is called partially ordered S-metric spaces if (D, <) could be

a partial ordered set and (D, S) be a S-metric space.

Definition 3.2 If D is complete S-metric, then (D, S, <) is called complete partially ordered

metric space.

Definition 3.3 A partially ordered S-metric space (D, S, <) is called an ordered complete (OC),

if for each convergent sequence {n;} c D, the subsequent condition holds: either

o if {n,} c D is a non-increasing sequence such that n, - n € D, thenn, < n, forall k €
N, that is, n = inf{n, }, or

e if {n,} c D is a non-decreasing sequence such that n;, — n implies that n, < n, for all
k € N, that is, n = sup{n;}.

The following is our first main outcome.

Theorem 3.1 Let (D, S, <) be a complete partially ordred S-metric space. Suppose a self map T’

on D is continuous, non-decreasing and satisfies the contraction condition

S(mn,In)S(u,u,rw)
S(Tn, Tn, Tp) < o XERDIRET 1 {5 (n, 3, Tp) + S (o, 1, TH)]

+cS(m,m, 1) + Lmin{S(n,n,Twu),S(u, 1, Tn)} (3.1)

forany n = u € © with n < u, where L >0, and a,b,c € [0,1) withO0<a+2b+c< 1. If

no = I'n, for certain n, € D, then I" has a fixed point.
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Proof Define a sequence, ny.; = I'ny for ny € ©. If 1y 11 = 1y, for certain no € N, then n; is

a fixed point I'. Assume that 7, ,; # 1y for each k. But n, < I'ny and T is non-decreasing as by

induction we obtain that
Mo SN SN S SN SNy S (3.2)
By (3.1), we have

SMi+1Mk+1 M) = SN, TN, Ti—1)

<a S TS Me—1.Mk—1.TMk—1)
- S(nk:nk:nk—l)

+b[S ks M, Tk) + SMie—1, Mk—1, TNie—1)1 + ¢S ks Mies Mi—1)

+L min{S (M, Mk, Txk=1), S M1, Mk—1, T}

SMeMkMk+1)S Mk—1.Mk-1,1k)
SMreMieNik-1)

+b[S Mes M Mie+1) + S Mie—1 M1, M) 1 + €S Wies Mis Mie—1)

+L min{S Mg, Mie» M) S Mie—1, M= 1> Mie+1) 3

SMk+ 1M+ 1M)S MM Mie—1)
SMieMieMk—1)

+b[SMic+1, M+ M) + SOk Mies Mie—1)1 + €S Wpes Mie» Nie—1)

= (a+b)SMk+1, Me+1, M) + (b + SNk, Mies Mie—1)
which infer that

b+c
1—a-b

SMi+1 Me+1, M) = ( )S(le'nk'nk—ﬂ

b+c

= (1_a_b)k5(771'771'770) < e (3.3)

For m, k € N with m > k, by repeated use of (S3), we have

S M Mm) < 28 Mo Mies Mie+1) + S s M Mie+1)

< 2SN Mo Mie+1) + Skt Met+1, Mm)
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< 25 Moo Micr1) + 28 (M1 Micr 1 Mier2) + S (s My Mic42)

< 280 Mo Mie+1) + 28 Mie 12 Mier 12 Miew2) + S M2, Mie 20 SThm)

< 2S(Mies Moo M) + 28 Miea 15 M5 Miew2) + 28 Wi 20 Mic20 Mic+3)
+S (s s Nic+3)

< 2S(Mies Moo Mie+1) + 28 Mie 15 M0 Miew2) + 28 Wi 20 Mic20 Mic+3)
+28(Mic+3 M3 Miewa) + -+ + 2SNz, M2, Mm-1)

+S (-1, Mm—1, 1)

< 2[2F + A 4 o+ A28 (10, M0, 1) + A™ES (M0, M0, 111)
=201+ A+ 22 + -+ + A" 72]S (10, Mo, 1) + AT (6,0, 11)

< 22K[14+ A+ 224+ 22 + - 1SM0, Mo, 1)

lk
< ZES(UO;UOJh) (3.4)

b+c

where A = .
1—a-b

As k,m — oo in inequality (3.6), we obtain klim SMk, My M) = 0. This
,Im— 00

shows that {n,} c D is a Cauchy sequence and then n, — { € D by its completeness. Besides,

the continuity of " implies that
r¢ = 1 (Jim ) = fm P = fim e = ¢
Therefore, ¢ is a fixed pointof I'in D .

Extracting the continuity of a map I' in Theorem 3.1, we have the below result.

Theorem 3.2 If D has an ordered complete (OC) property in Theorem 3.1, then a non-decreasing

mapping I has a fixed point in D.

Proof We only claim that I'{ = ¢. By an ordered complete metrical property of D, we have { =

sup{ny}, for k € N as n, —» ¢ € D is a non-decreasing sequence. The non-decreasing property
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of a map I' implies that I'n, < I'C or, equivalently, n,., < I'¢, for k > 0. Since, ny < n; < I'¢
and ¢ = sup{n;} as a result, we get { < I'¢. Assume { < I'. From Theorem 3.1, there is a non-

decreasing sequence T'X¢ € D with 1lim I'k¢ = ¢ € ®. Again, by an ordered complete (OC)

property of D, we obtain that & = sup{I'*¢}. Furthermore, n, = Ty < TX¢, for k> 1 as a
result, n, < TXg, for k > 1, since n;, < { < T'{ < TKg, for k > 1 whereas 1, and T, for k > 1

are distinct and comparable.

Now we have the discussion below in the subsequent cases.
Case-1 If S(nx, mi, TX¢) # 0, then (3.1) becomes,

S(Mies1s Mern, TKHE) = S (Fnk, I'ng, F(Fk{))

S InE)S(rRg rkg rktig)

<a
S(Uk’ﬂk’rkf)

+b[S @i Mo i) + S(T4G, TG, TFH17))]
+CS(77kl Nk Fk{)

+L min{S (ny, e, T¥410), S(T¥¢, T*¢, Ty )}

—a SMrMiMi+1)S(TRG IR Tk 1)
S(MmiTkE)

+b[S (s M 1) + S(TF, TRG, TEHE)]

+¢S (M, e, T¥C)

+L min{S(n, M, T¥10), S(TX, TR, iy 1)} (3.5)
As k - o in (3.5), we get

5(¢.¢,e) < cS(¢,¢,e) + Lmin{S((, {,€),5(e, & )}
< (c+1)SI, {9
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as a result, we have, S({,{,e)=0. Hence { =¢. In particular, { =g =sup{I'*¢}in
consequence, we get I'{ < ¢, a contradiction. Therefore,I'{ = (.

Case-2 Case-1 If S(mx, M, TX¢) = 0, then, S({,{,€) =0 as k — . By following the similar

argument in Case 1, we get I'{ = ¢.

Corollary 3.1 Let (D, S, <) be a complete partially ordred S-metric space. Suppose a self map I’

on D is continuous, non-decreasing and satisfies the contraction condition

n,T ,u, T
SUNTSWRIR o 1S, 1, Tn) + S, 1, T)] + SO, 1, 10) (3.6)

<
S(In,I'n,Tyw) < a=—"5 "=

forany n #= p € © with n < , where a,b,c € [0,1) withO < a+ 2b +c < 1. If n, < I'n, for

certain n, € D, then I has a fixed point.

Proof. It follows by L = 0 in Theorem 3.1.

Corollary 3.2 Let (D, S, <) be a complete partially ordred S-metric space. Suppose a self map I’

on D is continuous, non-decreasing and satisfies the contraction condition

S(mn,In)S(u,u,ru)
<
ST, I, T) < a=== —=o===+ cS(n, 1, 1) (3.7)

for any n # u € © with n < u, where L >0, and a,b,c € [0,1) with0 <a+2b+c<1. If

no =< I'n, for certain n, € D, then I has a fixed point.
Proof. Taking b = 0, L = 0 in Theorem 3.1, we obtain the desired result.

We conclude with an example.

Example 3.1 Let (R, S, <) be a totally ordered complete S-metric space with S-metric defined

3n+24n-3
24n

evident that T" is continuous and non-decreasing in R and n, = 0 € R such that n, = 0 < I'n,,.

as in Example 2.8 (a). Let I': R — R be a map defined by I'(n) = forallm> 1. 1tis

Takinga =0,b = 0,c=%,L = 0. Forn < u, we have

S(Tn, I'n,Tw) = 2| — Tu|

3n+24n-3 3u+24n-3
24n 24n

=2
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_9 |3(n—u)
24n

:l|’7;”|
nl 4

1 1
S—ln—ul=-S0nw

S(mn.Imsuul'w)
@ 5(7737’!1) + b[S(T], T], Fn) + S(l'l‘l l’l‘l Fl,{)]

+cS(m,n, 1) + Lmin{S(n,n,Tw),S(u, 1, Tn)}

holds for every n,u € R. For L >0 and a,b,c €[0,1) such that 0 <a+2b+c <1, in
particular, ifwetakea=O,b=0,c=%,L=0,thenO§a+2b+c<1andleRisafixed

point of I" as all the conditions of Theorem 3.1 are satisfied.
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